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Table 1 Fundamental frequency of a tapered beam and a plate tapered in one direction

Beam

Fundamental frequency w (mt/El ) &

Taper
ratio, o Perturbation Ref. 2 % Difference
.5 7.11 7.12 0.2
.67 5.97 6.06 1.5
.75 5.36 5.34 0.3
.90 3.99 3.88 2.8
Plate B 4
Fundamental frequency @ (phpa®/Dy)
Taper
ratio, « Perturbation Ref. 3 % Difference
2 748.2 748.2 0.00
4 649.4 650.1 0.11
.6 556.6 557.2 0.10
.8 469.7 470.5 0.17
2 ) plate with variable thickness was calculated from Eq (16) and
a similar equation representing a second-order correction.
h (1-g) The frequency change for various values of taper ratio, «, is
o (1-a)

B — .

he) = b (- %’i)

Fig. 1 Linearly tapered beam or cross section of a plate linearly
tapered in the x direction.
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Fig. 2 Fundamental mode shape of a square plate linearly tapered in
one direction (taper ratio « =0.8, y=a/2). Legend: (—) perturbation;
(----) Ref. 3; (—-—) plate with uniform thickness.

III. Examples

A. Linearly Tapered Beam

The linearly tapered beam shown in Fig. 1 was selected as
an example. The thickness variation can then be expressed as

eh, (x)=—ahyx/§ e=a; hj(x)=—hyx/! (18)

The approximate fundamental frequency and mode shape are

determined from Eqgs. (9) and (10) and similar equations
representing the second-order corrections. The change of fun-
damental frequency of the tapered beam is shown in Table 1
for four values of taper ratio and is compared with the exact
frequency obtained from Ref. 2.

B. Linearly Tapered Plate

A simply supported square plate with linearly varying
thickness in the x direction as shown in Fig. 1 was considered.
The thickness of such a plate can be functionally represented
as in Eq. (18). The approximate frequency for this particular

shown in Table 1 and compared with the frequency deter-
mined from Ref. 3. The fundamental mode shape as deter-

 mined from Eq. (17) is shown in Fig. 2 and compared to the

mode shape obtained from Ref. 3. The mode shape as deter-
mined from Eq. (17) is

w= [sin(nx/a) +.1784 sin(2wx/a) +.004 sin(47x/a)
+.0005 sin(6nx/a) sin(wy/a) (19)
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Two-Dimensional Radiative Equili-
brium: A Simple Nongray Problem

A. L. Crosbie*
University of Missouri-Rolla, Rolla, Mo.

RECENT review! of the literature on two-dimensional

radiative equilibrium reveals that all of the analyses use
the gray approximation. The spectra of many substances,
such as glass, carbon monoxide, and water vapor have win-
dows or regions in which the absorption coefficient is zero or
very small. The inability of the gray model to account for
these windows is one of its major limitations. The present
study of nongray radiative transfer in a two-dimensional
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Fig. 1 Simplified rectanguiar model for the spectral absorption coef-
ficient.

medium attempts to account for the windows with the sim-
plified model shown in Fig. 1. The absorption coefficient is
assumed to be only a function of frequency, i.e., k, =xka(v),
and the function a(») is allowed only two values Z€r0 or
unity. The bands or continuum are appr0x1mated by rec-
tangular boxes of equal height; however, the number,
location, and width of the bands are unrestricted. This model
has been applied successfully to one-dimensional planar? and
spherical? problems, but has not been extended to two-
dimensional geometries..

The coordinate system is illustrated in Fig. 2. The present
investigation is based on the following assumptions: 1) two-
dimensional transfer, 2) steady-state temperature and in-
tensity, 3) absorbing-emitting but nonscattering medium, 4)
local thermodynamic equilibrium, 5) no conduction or. con-
vection (radiative equ111br1um) 6) refractive index of unity,
and 7) absorption coefficient is independent of temperature,
Kk, = kot (v) with o () being unity or zero. For these assump-
tions, the transport equation is .

’dI,,/d'rS +a(v) 1, =sind sing(3/,/97,)
+ cosd(3I,/ar,) +a(») I, =a(») 1, (T) )

where I,(7,, 7., 0, ¢) is the radiant intensity, /,, (T) is the
Planck function, and T is temperature; § and ¢ are the polar
and ‘azimuthal angles, respectively. The optical coordinafes
are defined as 7, = «s, 7, =«y, and 7_=«z.

The intensity associated with the direction of i increasing 7.
is denoted by I, and that with decreasing 7, by I: The
general boundary condmons for Eq. (1) are

I:(Ty: 0’ 0’ d)) =1lu(Ty, 0’ ¢)
17y 70,6, 8) =15, (1,, 6, )

“where 7,=«L is the optical thickness. Application of
mtegratmg factor techmques to Eq. (1) vields the following
expressions for I and I; in terms of the unknown Planck
function

1Ny, 7,.0,6) =1,,(7,,0,0) exp[ —a(») 1, sechd] +a(v)
Sozlb,,(-r)',, 7.} expl ~a(v) (7, —7.) secl] secOdr, (2a)

where

Ty=71,—7,tanf sing and 71, =7, +(7;—7,) tand sing

1,‘(1y, 7..0,6) =1,(7}, 6,6) exp{ —a(v) (7, —7,) secl]

+ af(r) sv Iy, (75, 7;) exp[ —a(v) (7, —7,) sec] sect dr]
(2b)

where

T,=71, — (15 —7,) tanf sing

and 1) =7,—(7;—71,) tand sing (2¢)
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Fig.2 Physical model and coordinate system.

The steady-state conservation of energy (radiative
equilibrium) requires that

refif e o
=X, ar, wdr=x OOL(V) 47r[1b"—1“]dwdy=0 3)

where F is the radiative flux and w is solid angle. Substitution
of Eq. (2) into Eq. (3) yields

ww | o) 1 mpa= [ 717

0 0

a(v), (1), 6,¢)exp[ —a(y)7, sec0] sinfdfdody

2T pr/2
* SO So So Q(V)IZV(Ty_’ 0,¢) expl —a(r) (To—Tz) sec()]

sinf déde¢dy

o (2T p~w/2 pTg
+ 2 ’ ’
SU SO SO SO a (V)Ibu(TyJ Tz)

exp[ —a(v) lr, —7 | secf} tand dr;dodeody 4)
where
Iy, (7y,7;) =1, [T(1y,7,)] and 7)=71, — |7;—7,! tand sing
In general, Eq. (4) is a nonlinear integral equation for the tem-

perature distribution. However, when a/(») is restricted to
values of zero or unity, the energy equation can be written as

w2

2r
4 E(r,, r;)=S0 S I;(7); 6,6) exp[ —7.secf] sinf dode

0

27 pw/2
+ SO So I,(75, 0,¢) exp[— (79 —7,)secfd] sinfdfd¢

i 2 7/2 p1g
+ ~7r—§0 SO SOE(T)/,, 7)exp[— il —7.1secf]tand db d¢
()

where

E(T_y: Tz)'_—Soa(V) 7!'1[,,,(7'_V, T:)dv

1(ry, 0.9)= | a7, 6,6)dv
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and
IZ(TV\" 0J¢)=Soa(y)12n(1y) 0,¢)dV (6)

Equation (5) is possible because in the spectral region where
a(v) =0, all of the terms are zero: Thus, the energy equatlon
is linear in £ and is identical to the gray case. *

For collimated but nonuniform radiation incident on the
upper surface

1 (7., 0,0) =1y(7,)8(cosd ~cosfy) 6(¢)
with

l()(T)‘) zgoa(")IOV(T}’)dV

and no radiation on the bottom [1;(7,, 8, $) =01, Eq. (5)
can be solved as in the gray case,* i.e.,

E(7y, 7;) =S~m g(B) exp(iBry) J5(7,, 0o 79)dB Q)

where ¢, = secfl, and
1 (> .
g(ﬂ)zﬂg_mIO(Ty) exp(”BTy)dTy (8)

and J, satisfies the following one-dimensional integral
equation

JB(Tz) 6). TO) =exp(—07z)

1 70
+5 SO Js (17, 05 79)8; (lr, —7;1, B)dr; ©)

with &, (7,8) defined as
§/(n8)=| expl—r(F487) 7 1d/ (P +8) % (10)

The integral equation, Eq. (9), has been studied elsewhere. !~
Likewise, when the medium is confined. between two
nonisothermal black walls [#I,(7,, 8, )=FE,(7,) and
al,(7,, 0,0)=E;(7,) ], Eq. (5) can be solved, i.e.,

E(Ty: Tz) =S~m £ (B)exp(iBTy)‘bﬁ(T:; TO)dB'

w7 gaBren(isr,) #(ro—r.; 70108 an

where
1 (= . )
g:(B)= 2—1rS_mEl(Ty)eXp("’BTy)dTy
and

1 (= .
e ® =5 | E(peb-ignydr, (2

and ¢4 (7,,75) satisfies the following one-dimensional in-
tegral equation

1
¢6(Tz;7-0) = = 82(T:) B)

) .
+7S ¢ﬁ(T«1 79) &, (sz Tz B)dT, 13)
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with
82(1,6)=Sjoexp[—r(t2+62) “1de/t? (14)

The integral equation, Eq. (13), is identical to the one for the
gray case. 1'%’
The z component of the radiative flux can be expressed as

® /2

27
(7. TZ)=S0 So SU 1;,(75 0, ¢) exp[ —a(») 7.5€ch]
cosf sinf dédédr
o p 2w %2
—So So So I, (75, 0,9)exp[ —a(v) (19— 7;)sech]

cosf sinf dédody

2ep /2 70 .
+ §OS S SO a(v)ly, (75, 77)sign(r,—717)

0J0

exp[ —a(v) lr,—17/1sech]sinfd7;d6d¢dy (15)
Rearrangement of boundary radiation terms gives

g =| 1 —ans 0.6)

0

exp[ —a(v) 7 secO]cosh sind dédopdy

_SZS" [ l—am 1,05 0.0)

[

expl —a(v) (79— 7;)secd]cosd sinf dédedv
w 2% pE/2
+ SOSO SO a1, (75, 6,¢)

exp[ —oa(r) 7 secf]cosf sinf dodedr

T a0

0Jo

expl —a(v) (79—7;) secf]cosf sinf dédody

2r pw/2 Py
* SOS S So a(v)ly, (1), 77)sign(r,—7.)

4 4

exp[ —a(v) Ir, — 71 sech]sing dr.dbdedy (16)

When «(v) is zero or unity the z-component of flux can be
written as

T aw/2 »
4, (7, 1z)_52 S (13 (7,6,6) — I3 (7,8,6)| cosfsind dfde

2r /2
+ SO SO I, (7/.,0,0)exp(—7,sech) cosf sinf dode

2r rw/2
—SO SO I,(1;,0,¢)exp[ — (15— 7;)secd] cosh sinf d6d¢

2r pa/2 0T
* SO So §o E(7}, 77)sign (r; —7;)exp(— I, —7;|

sech) sind dr! dfde (17)
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where

17(T_V’ 0)¢) =S0 [1‘—&(”)] 1[V(T,V: 0’¢)dV

and

I 00)=| U~a0)] I (r, 66)dy  (9)

The first term in Eq, (17) represents the net flux exchanged
through the “‘windows.”’” When the medium is gray, a(v) is
unity and I} and I% are zero. The remaining terms are iden-
tical to those of the gray case.*

For the collimated boundary condition, the radiative flux
becomes

qz('ry: 72) =IB(T,V)/‘70

+ |7 _e®) explibr) Qs(ry 0 ryas (9

where

I3 (7,) =SO ({—oa(v) ] (7,)dy
and

1 (70
Qa(fz,o;fo)=eXp(—oT;)/a+7 SG Js(14,057¢)

sign(r.—7) &, (lr,—71, B)d7! (20)

For the medium confined between black walls, the flux is
qZ(TynTz) =q0(Ty:Tz) + S e 14 (B) exp(iBTy)FB (T:; 7-0)dt3

—S_w 8:(B) exp(iBr,)Fg(ro—7;5 79)dB 21
where
Fg(7; 79)=283(7, B) + ZS b (715 7o)

sign(r.~7)&,(lr.—71,8)dr'z (22)
with ‘
E3(7, B)=TSI &, (mx, B)dx/x 23)

qo(7,, 7;) represents the net flux exchanged through the
“windows,’’ i.e.,

27

w/2
qO(Ty:Tz)=S go [I1(7;) —I%(7;)] cosfsind df d¢ (24)

0

The energy equation has been reduced to a form identical
with that of the gray analysis, whereas the expression for the z
component of the radiative flux is the same as the gray case,
except for a term accounting for the ‘‘windows.’’ The in-
fluence of the “‘bands’’ occurs in functions E, I,, and I,,
whereas the effect of the ‘‘windows’’ is accounted for by I*
and I3.
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Solution Technique for
Equilibrium Chemistry of
Hydrogen-Oxygen Systems

David F. Dyer* and Glennon Maplest
Auburn University, Auburn, Ala.

Background

REFERENCES 1,2 describe an equilibrium chemistry
model developed and used in conjunction with a com-
puter program to predict the properties in a hydrogen-oxygen
flame. The main features of the model are described.

For equilibrium reactions are assumed as follows

0+0-0,, H+H-H,;, H+OH—-H,0, O+H-—-OH
(1-4)

The six species involved in these reactions are considered to be
present with nitrogen which is inert. In developing the
equations to predict the equilibrium concentration of the
species, two quantities are defined, namely

o]
X=m02 +my+ mH20+ Moy (5)
H,0 Won
Wy
F=mH2+mH+ mH20+ — Mgy (6)
H,0 Won »

where X is'the total fraction of oxygen in any form, and F'is
the total fraction of hydrogen in any form. Since the
molecular weight of the various oxygen species is' ap-
proximately equal to that of nitrogen, it is assumed that the
rate of diffusion of nitrogen is equal to that of the oxygen;
and, therefore, nitrogen is present at any location in a fixed
ratio to the fraction of oxygen compounds. This fraction,
OFAC is assumed constant and equal to the fraction of
oxygen in the air being used as the oxidizer. Thus,

X=(OFAC) (X+my,) )
The total mass fraction must be unity which gives
X+my, +F=1 (8)
Subbstituting Eq. (7) into Eq. (8) and solving for X gives
X = (OFAC)(I-F) ©

Therefore, if Fis known, X can be determined by Eq. (9).
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